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Abstract
Let k be a positive integer and G be a finite group that cannot
be written as the union of k proper subgroups. In this short note, we
study the existence of a constant ck ∈ (0, 1) such that | ∪
k
i=1
Hi| ≤
ck|G|, for all proper subgroups H1, ..., Hk of G.
MSC (2010): 20E07.
Key words: finite groups, union of subgroups.
1 Introduction
A well-known elementary result of group theory states that a group cannot be
written as the union of two proper subgroups. In Scorza [5] the groups which
are the union of three proper subgroups have been characterized. The analo-
gous problems with three replaced by four, five and six subgroups were solved
by Cohn [2], while the case of seven subgroups was studied by Tomkinson
[4]. Note that an excellent survey on this topic is Bhargava [1].
Following Cohn’s notation, for a groupG we will write σ(G) = n whenever
G is the union of n proper subgroups, but is not the union of any smaller
number of proper subgroups. By using this notation, we first recall the above
mentioned results.
Theorem 1.1. Let G be a group. Then
a) σ(G) /∈ {1, 2};
1
b) σ(G) = 3 if and only if G has at least two subgroups of index 2, or
equivalently G has a quotient isomorphic to C2 × C2;
c) σ(G) = 4 if and only if σ(G) 6= 3 and G has at least two subgroups of
index 3, or equivalently G has a quotient isomorphic to C3 ×C3 or S3;
d) σ(G) = 5 if and only if σ(G) /∈ {3, 4} and G has a maximal subgroup
of index 4, or equivalently G has a quotient isomorphic to A4;
e) σ(G) = 6 if and only if σ(G) /∈ {3, 4, 5} and G has a quotient iso-
morphic to C5 × C5, D5 or to the group of order 20 with the following
presentation 〈a, b | a5 = b4 = 1, ba = a2b〉;
f) σ(G) 6= 7.
Inspired by these results, the following problem is natural: given a positive
integer k and a finite group G with σ(G) > k, how large can be a union of k
proper subgroups of G? In other words, is there a constant ck ∈ (0, 1) such
that | ∪k
i=1
Hi| ≤ ck|G|, for all proper subgroups H1, ..., Hk of G? Obviously,
we have c1 =
1
2
. In the current note, we will prove that c2 =
3
4
and c3 =
5
6
,
the general case remaining open. Also, for an arbitrary k we will formulate
a conjecture about the maximum number of elements in a union of k proper
subgroups of G.
Most of our notation is standard and will usually not be repeated here.
For basic notions and results on groups we refer the reader to [3].
2 Main results
2.1 The case k = 2
In this case we can take c2 =
3
4
, as shows the following theorem.
Theorem 2.1.1. If G is a finite group, then |H1∪H2| ≤
3
4
|G| for all proper
subgroups H1 and H2 of G. Moreover, the equality holds if and only if H1
and H2 are distinct maximal subgroups of index 2.
Proof. Let H1 and H2 be two proper subgroups of G. Then
|H1 ∪H2| = |H1|+ |H2| − |H1 ∩H2| = |H1|+ |H2| −
|H1||H2|
|H1H2|
2
≤ |H1|+ |H2| −
|H1||H2|
|G|
.
If we denote ni =
|Hi|
|G|
, then ni ∈ (0,
1
2
], and the above inequality leads to
|H1 ∪H2|
|G|
≤ n1 + n2 − n1n2 = n1(1− n2) + n2
≤
1− n2
2
+ n2 =
1 + n2
2
≤
1 + 1
2
2
=
3
4
,
as desired.
Clearly, the equality holds if and only if n1 = n2 =
1
2
and H1H2 = G,
that is H1 and H2 are distinct maximal subgroups of index 2. Note that in
this case we have σ(G) = 3 by Theorem 1.1, b).
2.2 The case k = 3
In this case we can take c3 =
5
6
, as shows the following theorem.
Theorem 2.2.1. If G is a finite group with σ(G) 6= 3, then |H1∪H2∪H3| ≤
5
6
|G| for all proper subgroups H1, H2 and H3 of G. Moreover, the equality
holds if and only if H1, H2, H3 are distinct maximal subgroups, two of index
3 and one of index 2.
Proof. Let H1, H2 and H3 be three proper subgroups of G and ni =
|Hi|
|G|
,
i = 1, 2, 3. Then ni ∈ (0,
1
2
], i = 1, 2, 3, and we can assume that n1 ≤ n2 ≤ n3.
One obtains
|H1∪H2∪H3| = |(H1 \H3)∪ (H2 \H3)∪H3| = |(H1 \H3)∪ (H2 \H3)|+ |H3|
= |H1 \H3|+ |H2 \H3| − |(H1 ∩H2) \H3|+ |H3|
≤ |H1 \H3|+ |H2 \H3|+ |H3|
= |H1| − |H1 ∩H3|+ |H2| − |H2 ∩H3|+ |H3|
= |H1| −
|H1||H3|
|H1H3|
+ |H2| −
|H2||H3|
|H2H3|
+ |H3|
≤ |H1| −
|H1||H3|
|G|
+ |H2| −
|H2||H3|
|G|
+ |H3|,
3
which leads to
|H1 ∪H2 ∪H3|
|G|
≤ n1 + n2 + n3 − n1n3 − n2n3.
Observe that we cannot have n2 = n3 =
1
2
since this would imply G/H2 ∩
H3 ∼= C2 × C2, that is σ(G) = 3, a contradiction. So, we can assume that
n2 <
1
2
. We infer that if n3 =
1
2
then
n1 + n2 + n3 − n1n3 − n2n3 =
1 + n1 + n2
2
≤
1 + 2
3
2
=
5
6
,
while if n3 <
1
2
, i.e. n3 ≤
1
3
, then
n1+n2+n3−n1n3−n2n3 = (1−n1−n2)n3+n1+n2 ≤ (1−n1−n2)
1
3
+n1+n2
=
1
3
+
2
3
(n1 + n2) ≤
1
3
+
2
3
2
3
=
7
9
<
5
6
.
Consequently, in both cases we have
|H1 ∪H2 ∪H3|
|G|
≤
5
6
,
as desired.
We remark that the equality holds if and only if H1 ∩H2 ⊆ H3, H1H3 =
H2H3 = G, n1 = n2 =
1
3
and n3 =
1
2
, that is H1, H2, H3 are distinct maximal
subgroups, two of index 3 and one of index 2. Note that in this case we have
σ(G) = 4 by Theorem 1.1, c).
The above proof also shows that for finite groups of odd order the constant
5
6
can be replaced with 7
9
.
Corollary 2.2.2. If G is a finite group of odd order with σ(G) 6= 3, then
|H1∪H2∪H3| ≤
7
9
|G| for all proper subgroups H1, H2 and H3 of G. Moreover,
the equality holds if and only if H1, H2 and H3 are distinct maximal subgroups
of index 3.
2.3 An open problem
We end this note by pointing out that our problem remains open for an
arbitrary k.
4
Open problem. Let k ≥ 4 be a positive integer and G be a finite group
that cannot be written as the union of k proper subgroups. Does exist a
constant ck ∈ (0, 1) such that | ∪
k
i=1Hi| ≤ ck|G|, for all proper subgroups H1,
..., Hk of G? If affirmative, when the equality holds?
Notice that in this case we obtained
(∗)
| ∪k
i=1
Hi|
|G|
≤
k∑
i=1
ni − nk
k−1∑
i=1
ni,
where ni =
|Hi|
|G|
, i = 1, 2, ..., k, but we failed in giving an upper bound for
the right side of (∗).
Finally, inspired by the results in the cases k = 2 and k = 3, we conjecture
that | ∪ki=1Hi| is maxim when σ(G) = k+1 and there is a maximal subgroup
M of G such that G =M ∪ (∪k
i=1
Hi) and |M | ≤ |Hi|, ∀ i = 1, ..., k.
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